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We demonstrate that spin-orbit coupling can give rise to a strong terahertz response in metallic
armchair bilayer graphene nanoribbons. The combination of the interlayer coupling and the
spin-orbit coupling leads to double resonant optical response in the low frequency regime. The
frequency separation of the two excitations is tunable with a gate voltage. © 2011 American
Institute of Physics. 关doi:10.1063/1.3555631兴
Graphene exhibits many interesting properties not
seen in any other systems.1,2 For example, the prediction and
observation of electron-hole symmetry and a half-integer
quantum Hall effect,3–5 ﬁnite conductivity at zero chargecarrier concentration,3 the strong suppression of weak
localization,6–8 universal conductance,9–11 magnetic enhancement of optical conductance in graphene nanoribbons,12 and
strong nonlinear response in the terahertz frequency
regime.13,14
Additional unique properties can be found in bilayer
graphene 共BLG兲. Chief among them is the so-called trigonal
warping,15 a phenomenon solely due to the interlayer coupling. Electrons in bilayers can exhibits qualitatively different properties not seen in single layers, such as interlayer
drags16 and correlations.17 The electronic and transport properties of BLG differ signiﬁcantly from SLG in many respects, particularly at low energies in the “Dirac” regime.
The electronic band structure of BLG has an asymmetry
gap.18 In BLG the semiconductor gap can be controlled
experimentally.19 The optical and magneto-optical far infrared properties of BLG has been studied.20 The role of the
impurities in biased BLG has been clariﬁed.21 One feature
unique to BLG is the trigonal warping in the low energy
dispersion. The minimum conductivity in BLG is six times
as large as that for single layer graphene.15 This six time
enhancement is independent of the strength of the trigonal
warping, indicating the topological nature of the bilayer coupling.
In a recent work,22 it was shown that the optical response
of graphene nanostructures can be signiﬁcantly enhanced in
a subclass of graphene nanoribbon. This subclass of nanoribbons is armchair ribbon of width 3n − 1. In such ribbons,
the lowest conduction band touches the highest valence band
at the zone center while the next levels are only a 10–100
meV above. The transitions between the asymmetric bands
are one to two orders of magnitude stronger than the universal conductance of inﬁnite graphene.
In this paper, we shall show that for this class of armchair ribbon, the strong terahertz response can be further
enhanced under a ﬁnite spin-orbit interaction 共SOI兲. In fact,
the SOI can be completely ignored in all ribbons other than

this subclass of armchair ribbon. SOI opens a small gap at
the zone center. The electronic transition over the gap 共valence 1 to conduction 1, or v1-c1兲 is as strong as that of
asymmetric transition 共v1-c2 and v2-c1兲. As a result, there
are two distinct excitations at the low energy regime. The
v1-c1 transition is due to the SOI and the v1-c2 or v2-c1
transition is due the interlayer coupling. Together the ribbon
exhibits the two-color excitations in the low energy regime.
A typical BLG sheet consists of two SLG layers stacked
in the orientation shown in Fig. 1. Several forms of the
Hamiltonian for BLG are used in the literature depending on
the approximations used and the relative orientations of the
two layers. The original consideration was given by
Slonczewski–Weiss–McClure which included all three interlayer coupling terms.23,24 As usual, the nearest neighbor A-B
and B-A coupling is included, which is given here by t
= 3.0 eV. The most prominent interlayer coupling term is the
B1-A2 coupling between sites which are directly above 共or
below兲 each other.25,26 Here we denote this term as ␥1
= 0.12t. The second term is ␥3 = 0.1t, ␥3 is the hopping energy
between A1 and B2 which are not directly above or below
each other. The other two interlayer coupling terms are the
A1-A2 and B1-B2 coupling between inequivalent sites
which are offset by an amount a = 1.42Ȧ. These two coupling
terms have the same strength ␥4 = 0.04t. All energies will be
normalized relative to the nearest neighbor hopping bandwidth t. The physical width of the ribbon are W = 共3N / 2
− 1兲a for zigzag ribbon and W = 冑3a / 2共N − 1兲 for armchair
ribbon.
The Hamiltonian of a BLG in the absence of spin-orbit
couplings can be written as
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FIG. 1. 共Color online兲 The BLGNRs showing various coupling parameters.
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+ ␥4 兺 共a1,i
a2,j + b1,i
b2,j兲 + H . C . ,
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具ij典
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where al,i 共bl,i兲 is the annihilation operator at sublattice A共B兲,
in the layer l = 1 , 2, at site Ri.
The Rashba spin-orbit coupling term reads
HRSOI = i

␣
兺 共a† 关 ⫻ dij兴zbl,j + H . C.兲.
a l,具ij典 l,i

共3兲

The total Hamiltonian for inﬁnite BLG is H = HBLG
+ HRSOI. Here dij is the displacement vector between the lattice sites i and j,  is the Pauli matrices. Equation 共3兲 is the
extrinsic spin-orbit coupling. It couples only nearest neighbors with opposite spin. The intrinsic SOI opens a gap and
gives rise to a quantum spin Hall phase due to localized edge
states.27 In general, the intrinsic spin-orbit coupling in
graphene is weak, only a few microelectron volts.28 The extrinsic part can be regarded as a Rashba SOI. The presence of
the extrinsic SO coupling is due to the breaking of the inversion symmetry of the graphene lattice. The coefﬁcient ␣ depends on the strength of the perpendicular electric ﬁeld or
the interaction with a substrate.29 Some papers reported that
the Rashba coupling can be turned to 1 meV for typical
values of an external electric ﬁeld 共50 V/300 nm兲. Breaking
of the up-down symmetry by a substrate can result in an
extrinsic spin-orbit coupling in the scale of 10 meV. The
effect of impurities can increase the Rashba spin-orbit coupling to 7 meV. Therefore, the strength of extrinsic spin-orbit
coupling is stronger than that of the intrinsic spin-orbit coupling by three orders of magnitude. For this reason, we shall
focus our studies only on the effect of extrinsic spin-orbit
coupling 共which is also referred to as Rashba spin-orbit
coupling兲.30
Now we construct an eigenvector space for ribbons
where each eigenstate is denoted by longitudinal wave vector
k = ky and an index j 共j = 1 , 2 , 3 . . . 8N兲. And the eigenfunctions are kj =  jeiky which satisfy Hkj = ⑀kjkj, where  j denote the jth eigenvector of the Hamiltonian.
The energy band structure for armchair bilayer graphene
nanoribbons 共BLGNRs兲 are shown in Fig. 2. The SOI parameter is ␣ = 200 meV. The SOI induced band gap for an N
= 5 ribbon and an N = 8 ribbon is approximately same, but the
gap for N = 8 is a little smaller. This suggests that SOI induced gap decreases slowly with ribbon width and vanishes
in the limit of inﬁnite BLG. The other interesting effect is
that the SOI lifts the spin degeneracy at the ⌫ point. The two
spin states are now separated in the ky direction by a distance
of 0.1 / 3a. The minimum direct gap for both spin state is
now at ky = ⫾ 0.05 / 3a.
In Fig. 3, we plot the dependence of the band gap as a
function of SOI parameter for an N = 5 armchair BLGNR
under various interlayer coupling conditions. It is found that
the interlayer coupling ␥3 plays the most dominant role for
the SOI to be effective. We have multiplied the ␥3 = 0 curves
by a factor of 30 or 104 in order to see their ␣-dependence. If
␥3 is zero, the SOI effect can be practically neglected. On the
other hand if ␥3 is ﬁnite, the band gap grows linearly with
the SOI parameter. The effect of ␥4 is not noticeable in the
␣-dependence of the band gap.

FIG. 2. Band structure of an N = 5 共a兲 and an N = 8 共b兲 armchair BLGNR, the
SOI is ␣ = 200 meV. The curves with ␥3 = 0 have been multiplied by a large
numerical factor to show their ␣-dependence.

In order to calculate the conductance of ribbons using
the Kubo formula, we ﬁrst write the form of current operator
Jx = c

H
,
 Ax

Jy = e

H
,
 共បky兲

共4兲

where we must introduce an inﬁnitesimal transversal vector
potential Ax and rewrite the Harper equation for solving Jx.
By introducing the ﬁeld operator

ˆ 共x,y兲 = 兺  jeikyakj ,

共5兲

k,j

where akj is the annihilation operator of the jth eigenstate
with wave vector k = ky. The current operator can be expressed in the second quantization form
Ĵ =

冕


dy ˆ †共x,y兲Jˆ 共x,y兲 = 兺 J jj⬘a†kjakj⬘ ,

共6兲

kjj⬘

with Jjj⬘ = †j J j⬘ ,  = x , y. According to Kubo formula, the
ac conductance is found as

FIG. 3. 共Color online兲 The dependence of the band gap of an N = 5 armchair
BLGNR on SOI parameter.
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FIG. 4. 共Color online兲 Optical conductance of an N = 8 BLGNR with the
SOI parameter ␣ = 0 and ␣ = 200 meV. Also shown is the optical conductance of a single layer graphene nanoribbon.

G 共  兲 = −

f kj − f kj⬘
1
 
J jj⬘J j⬘ j
,
兺
ប + ⑀kj − ⑀kj⬘ + i␦
i kjj

共7兲

⬘

where f kj and f kj⬘ are Fermi distribution functions and ␦ is
positive inﬁnitesimal.
In Fig. 4, we plot the optical conductance versus frequency for an N = 8 armchair BLGNR for a typical value of
␣ = 200 meV. In the absence of SOI, these is a excitation
peak in the terahertz regime in metallic ribbons. This low
energy peak can be one to two orders of magnitude stronger
than the universal conductance. This strong optical response
is due to asymmetric electronic transition 共AET兲 mentioned
earlier. Therefore, it has been proposed that the metallic armchair BLGNR can be the candidate for developing graphene
based terahertz photonics. Under a ﬁnite SOI, an additional
excitation emerges at the energy lower than the energy associated with the AET. The spectrum now has the twin peak
optical response at very energies. While the peak position of
AET for a given ribbon is ﬁxed, both the intensity and position of SOI induced response peak can be tuned with a gate
voltage, providing an excellent mechanism of two-color response in the terahertz frequency regime.
In conclusion, we have shown that the commonly neglected SOI in graphene can strongly affect the optical response of a subclass of BLGNR in the low frequency regime,
resulting in a strong absorption peak at very low frequencies.
Z.S.M. acknowledge the ﬁnancial support from NNSFC
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